10 Challenging and Engaging Introductory
Topology Exercises with Solutions - Master
the Foundation of Mathematical Structures!

Topology, the branch of mathematics that studies the properties of space, has
fascinated mathematicians for centuries. Whether you are a student of
mathematics or simply intrigued by this field, solving introductory topology
exercises can strengthen your understanding and problem-solving skills. In this
article, we present 10 challenging exercises along with their solutions to help you

get started on your topology journey.

The Beauty of Topology

Topology is not concerned with measurements or specific shapes, but rather with
the fundamental properties that remain unchanged under continuous
transformations. It allows mathematicians to analyze space without relying on

rigid geometric figures, leading to surprising and beautiful results.

One might wonder how a coffee mug and a donut could be considered the same
object mathematically. In topology, they are! Through a process called
"homeomorphism," topologists prove that these objects have the same number of

holes and can be continuously deformed into one another without tearing or

gluing.
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Exercise 1: Path Connectivity

Begin your exploration of topology with a fundamental concept known as path
connectivity. Given two points in a space, a path between them is a continuous
function that connects the points. Your task is to determine if a path exists

between various pairs of points in different topological spaces.

Exercise: Determine whether a path exists between points Aand B in a

topological space X depicted in the figure below.
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Solution: To determine if a path exists between A and B, we observe that the
space X is disconnected into two separate components by the dotted line. As A
and B reside in different components, it is not possible to find a continuous path

connecting them. Thus, no path exists between A and B in space X.

Exercise 2: Compactness
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Compactness is a crucial concept in topology that characterizes spaces in which
every open cover can be reduced to a finite subcover. In this exercise, we explore
the concept of compactness through a simple example and its application to real

analysis.

Exercise: Consider the interval [0, 1] with the standard topology. Prove that the

interval is compact.

Solution: To prove compactness, we must show that every open cover of [0, 1]

admits a finite subcover. Let's assume we have an open cover consisting of open
intervals Ua, where a is an index that varies over some set. Since [0, 1] is already
covered by the intervals, we can select a subcover by choosing a finite number of

intervals that still cover [0, 1]. This proves the compactness of the interval [0, 1].

Exercise 3: Hausdorff Property

The Hausdorff property, also known as the separation axiom, plays a
fundamental role in topology. It ensures that distinct points in a space can be
separated by open sets. In this exercise, we explore the concept of the Hausdorff

property and its implications on topological spaces.

Exercise: Determine whether the following space is a Hausdorff space: X ={1,

2}with the topology T = {{}, {1}, X}. Justify your answer.

Solution: To check if X is a Hausdorff space, we consider two distinct points, 1
and 2. For any pair of distinct points in X, there exist open sets containing each of
the points such that their intersection is empty. In this case, both {1}and {2}are
open sets, and their intersection is the empty set. Therefore, X is a Hausdorff

space.

Exercise 4: Connectedness



Connectedness is a fundamental concept in topology that characterizes spaces
without any disconnected subsets. In this exercise, we investigate connectedness

through an intuitive example and its applications.

Exercise: Determine whether the following space is connected: Y = {(x, y) | x2 +
V2=<1PU{(x,y) |l (x-22+y2<1}.

Solution: We can analyze the space Y by observing that it consists of two
overlapping circles: one centered at the origin with radius 1, and another centered
at (2, 0) with radius 1. From this observation, we can conclude that no matter how
small the intersection between the two circles is, there will always be points

connecting them. Therefore, Y is a connected space.

Exercise 5: Countability Axioms

The countability axioms lay the foundation for understanding the cardinality of
different types of sets within a topological space. In this exercise, we explore the

countability axioms and their implications.

Exercise: Determine whether the following topological space satisfies the second

countability axiom: Z ={0, 1, 2, 3, ...}with the standard topology.

Solution: The second countability axiom states that a topological space has a
countable basis. In the case of Z with the standard topology, the basis consists of
sets of the form (n - €, n + €),where € > 0. Since this basis is countable, Z

satisfies the second countability axiom.

By tackling these introductory topology exercises, you have gained insights into
the fundamental concepts of topology. The exercises covering path connectivity,

compactness, the Hausdorff property, connectedness, and countability axioms



have provided you with a strong foundation for further exploration in this exciting

field of mathematics.

Topology opens doors to intricate investigations of spaces, allowing you to
perceive mathematical structures from a new perspective. Get ready to dive

deeper into the interconnected world of topology!
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The book offers a good to topology through solved exercises. It is mainly
intended for undergraduate students. Most exercises are given with detailed

solutions.
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