
An Introduction To Noncommutative
Noetherian Rings

Noncommutative Noetherian rings form an important aspect of algebraic
structures in mathematics. These rings, which were originally introduced by
Emmy Noether, have continued to shape various branches of mathematics,
including commutative algebra, representation theory, and algebraic geometry. In
this article, we will provide you with a comprehensive to noncommutative
Noetherian rings, their properties, and their applications in modern mathematics.
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Noetherian Rings: A Brief Overview

Before delving into noncommutative Noetherian rings, it is crucial to understand
the concept of Noetherian rings as a whole. A Noetherian ring is a ring that
satisfies the ascending chain condition on ideals. This means that every
ascending chain of ideals eventually stabilizes, ensuring a well-behaved algebraic
structure. Noetherian rings have been extensively studied since their by Emmy
Noether in the early 20th century.
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Noetherian rings have a rich set of properties and applications in both
commutative and noncommutative algebra. They serve as an essential
framework in modern algebraic geometry, helping mathematicians study
algebraic varieties and their properties. Furthermore, Noetherian rings find
applications in representation theory, providing a deep understanding of various
algebraic objects.

Noncommutative Noetherian Rings

Noncommutative Noetherian rings, as the name suggests, are Noetherian rings
that are not necessarily commutative. Unlike commutative rings, where the
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algebraic operations satisfy the commutativity property, noncommutative rings
allow for noncommutative multiplication.

The study of noncommutative Noetherian rings is a vast and complex field that
encompasses several subfields of mathematics. Algebraic structures involving
noncommutative rings offer a different perspective to understand various
mathematical objects and their behaviors.

A key feature of noncommutative Noetherian rings is the Hilbert's basis theorem,
which states that every ideal in a noncommutative Noetherian ring can be finitely
generated. This theorem, which mirrors the classical Hilbert's basis theorem for
commutative rings, plays a fundamental role in the understanding and analysis of
noncommutative Noetherian rings.

Applications and Significance

The applications of noncommutative Noetherian rings are far-reaching and span
across multiple branches of mathematics. They provide a powerful tool in
analyzing and studying various mathematical structures, such as modules,
algebras, and representations.

Noncommutative Noetherian rings have significant applications in the field of
algebraic geometry. They help mathematicians understand geometric objects in
terms of algebraic structures, leading to profound insights into the properties of
varieties, schemes, and sheaves.

In representation theory, noncommutative Noetherian rings play a crucial role in
the study of noncommutative algebras and their modules. The interaction
between representation theory and noncommutative Noetherian rings allows
mathematicians to study symmetries and symmetries within algebraic systems
with applications in physics, computer science, and other domains.



Noncommutative Noetherian rings serve as a powerful framework for
understanding complex algebraic structures. Their applications span across
diverse areas of mathematics and have contributed significantly to the study of
algebraic varieties, representations, and algebraic objects in general.

The exploration and analysis of noncommutative Noetherian rings continue to be
an active area of research, with mathematicians discovering new connections
and applications in various fields. As our understanding of these rings deepens,
we gain further insights into the fundamental nature of mathematical structures.
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This 2004 to noncommutative noetherian rings is intended to be accessible to
anyone with a basic background in abstract algebra. It can be used as a second-
year graduate text, or as a self-contained reference. Extensive explanatory
discussion is given, and exercises are integrated throughout. Various important
settings, such as group algebras, Lie algebras, and quantum groups, are
sketched at the outset to describe typical problems and provide motivation. The
text then develops and illustrates the standard ingredients of the theory: e.g.,
skew polynomial rings, rings of fractions, bimodules, Krull dimension, linked prime
ideals. Recurring emphasis is placed on prime ideals, which play a central role in
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applications to representation theory. This edition incorporates substantial
revisions, particularly in the first third of the book, where the presentation has
been changed to increase accessibility and topicality. Material includes the basic
types of quantum groups, which then serve as test cases for the theory
developed.
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